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Abstract. This document presents theoretical considerations about the solution of dynamic optimization
problems integrating the Benders Theory, the Dynamic Programming approach and the concepts of Control
Theory. The so called Generalized Dual Dynamic Programming Theory (GDDP) can be considered as an
extension of two previous approaches known as Dual Dynamic Programming (DDP): The first is the work
developed by Pereira and Pinto [3-5], which was revised by Veldsquez and others [8,9]. The second is the
work developed by Read and others [2,6,7].
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1. Introduction

This paper analyzes the theory developed/by Benders (BT) [1] applied to the solution of
dynamic problems using the Dynami¢ Programming and the Control Theory approaches.
We call this methodology Generalized-Dual Dynamic Programming (GDDP) which is
based on the chained application.of BT to a multi-period optimization problem. Two pre-
vious works must be kept in mind as an initial reference, both were called Dual Dynamic
Programming (DDP).

First, in a series of papers,published starting in 1985 Pereira and Pinto [3-5] intro-
duced a technique that made-it possible to apply the methodology of Dynamic Program-
ming (DP) to problems with multiple state variables without running into the “curse of
dimensionality problem”/ Pereira and Pinto extended Benders’ partition technique to the
multiple-stage problem, which allowed the replacement of the discretization of the future
cost function in the classic DP approach by a series of hyperplanes generated using BT.
Veldsquez and others [8,9] revised and adjusted the equations of the methodology pro-
posed by Pereira: We call this final methodology DDP-P. The main difference between
DDP-P and GDDP is that in the conceptual formulation DDP-P considers all the vari-
ables of the problem as state variables, while the GDDP makes a distinction between
state variables and control variables. This distinction permits a more detailed algorithm
in which the sub-problems are smaller than in the DDP-P.

Read and others developed the second work [2,6,7], which we call DDP-R. The
conceptual formulation of the DDP-R makes the distinction between production (con-
trol) variables and stocks (state) variables. The DDP-R may be seen as dual to the
classic DP approach in the sense that DP chooses an arbitrary grid of primal state vari-
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22 VELASQUEZ BERMUDEZ

ables (stocks) and for each one finds the optimal decision and the implied shadow price
(the marginal costs of stocks). DDP-R chooses a special grid of dual variables, values
of the marginal costs of stocks in which the production decision changes and for each
one finds the corresponding stock level in the primal space. The DDP-R solves para-
metrically a sub-problem in each period to produce points of the “supply_function™ for
that period and, using backward recursion, combines these supply functions with the
end-of-period function value to define an optimal strategy. The DDP-R has.the “curse of
dimensionality problem”. The conceptual approach of the GDDP is similar to the DDP-R
approach, in the sense that it maintains the difference between control variables and state
variables; the fundamental difference is the form of evaluating the supply functions. In
the GDDP the supply functions are built based on a set of hyperplanes generated using
BT, the same way DDP-P does for the future cost functions.
The GDDP considers the solution of a general dynamie problem of the form:

GDP: minz = Z c,Txt—i—dtTu,

1€O(T)
subjectto Ax, =b, — E,_1x,~y — B,u, Vte O(),
Gu, =g, Vi € O(T), )
u, € R* Vi € O(T),
x, € RT Vi € O(T),

where the vector x, represents the state /variables and u, the control variables. A;, E,,
B, and G, are coefficients matrices, b, and g, are resources vectors, ¢, and d, are cost
vectors, and ® (T') the set of periods of the planning horizon composed of 7" time inter-
vals.

The previous formulation may be appropriate for industrial linear systems in which
the state variables vector is.associated with the amount of stock held and the level of
resources in the facilities, and the control vector is associated with the production and
distribution of products through the supply-chain. The GDP family of optimization prob-
lems is used in the modeling of large supply-chains to support decision making at the
tactical level in which the nonlinear characteristics can be linearized. The application of
GDDP theory solves GDP as a coordinated sum of very simple problems. Initially, we
present a summary of BT and DDP-P.

2.  Previous mathematical formulations

2.1. Benders’ partition theory

BT considers the problem P composed by two types of variables: y, the coordination
variables, and x, the coordinates:
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P: minz =c'x + f(y)
subjectto  Fo(y) = by, @)
Ax + F(y) = b,
xcR", yeS.

BT restricts the model on x to be a linear problem, while imposing no conditions on y.
The S space to which y belongs may be continuous or discrete. Additionally, the func-
tions f(y) and F(y) may be nonlinear. The P problem may be decomposed in two
coordinated problems: one, CY, on y and another, SP(y), on x.

Benders proposes a solution of P by a hierarchical algorithm that-works on two lev-
els: the coordination level solves the problem CY and generates asequence of y* values;
on the second level, y* is used as a parameter of the sub-problem SP(y) to generate a
sequence of feasible extreme points, 7%, and extreme rays;w*,of the dual feasible zone
of SP(y) that are used to build in CY cutting planes.

Let us define the sub-problem SP(y) on x for a given‘value of y

SP(y): min Q(y) =c'x 3)
subjectto Ax =b— F(y), x € R™.

The coordinator CY on y can be formulated as:

CY: minz = f(y) + Q(y)

subject to  Fo(y).=bo, y €S,
0> (7)'[b—F(y)] Vkelr @
0> () [b—F(y)] Vk € IN,

where 7 represents the vector of dual variables of the restrictions Ax = b— F(y), IT the
set of iterations, w an extreme ray on the m feasibility region and IN the set of iterations
on which no feasibility was obtained.

CY includes two types of cuts. The first type, that we call optimality cutting planes
(OCP), restricts the feasible zone of y in order to obtain the optimal y; it has the follow-
ing structure:

0 > (7")'[b- F(»)] Vkell. (5)

The second type, that we call feasibility cutting planes (FCP), restricts the feasible zone
of y in order.to maintain feasible x in SP(y) and has the following structure

0> (!)'[b— F(y)] VkelN. (6)

For simplicity, in the following sections the mathematical formulation ignores the
cuts FCP. This implies that it is only valid for problems where it is assured that a feasible
x exists for any feasible y. This is not a limitation of the theory. If it is necessary to
include FCP, they may be included in a similar way as is done with the OCP cuts.
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2.2. Dual Dynamic Programming (DDP-P)

Now, we describe the revised concepts of DDP-P that consider the following problem:

DP: minz = Z ¢'x,
1€0(T) (7
subject to  A;x; + E;_1x,_y =b;, VtecO(T),x, eR™

This structure corresponds to a problem of dynamic programming that includes
only state variables (x,), with x as initial condition.

As a starting point the variables must be divided in two groups: a group of coordi-
nation variables (type y) associated with stages between 1 and T=1, {x{, x>, ...,x7_1},
and the coordinated variables (type x) associated with stage 7w {x7}.

Based on the direct application of BT the coordinator model for the period
{1, T —1}is

CDr_;: minz = Z C,sz—i-OtT(xT—l)

1e®(T—1)
subjectto A,x, =b, — E,_1x,4, Vie®(T —-1), (8
x; € RT Vte O(T — 1),

ar(x7_1) + wkErsxr_ > 7kThy  Vk € IT(T — 1),

where o, (x,_1) represents the future cost function considering that the system is on state
x,_1 at the beginning of period ¢, I7(r).the number of cuts included in the coordinator
CD;, and ntk corresponds to the vector.of dual variables of the restrictions A;x; = b; —
E l—le—l obtained as a solution of the sub-problem SD, (xf_l). For the stage T the
sub-problem SDr (x5 ) is definedjas

SDr (ka_l): minor (x’}_l) = c?xT ©

subject to Arxr =br — Er_1x%_,,x7 € RT.

Using a recursive approach, by induction [8,9] it can be demonstrated that the coordina-
tor for each intermediate stage ¢ (less than 7T') is

CDj:. minz = Z cfxr +a1(x;)

Te0(r)
subjectto A;x;, =b, — E._1x,_ VT € O(~0), (10)
x, € Rt . YT e o),
a;y1(x) + 7th+1TEtxt Z Uz]+1 VjelT@),
and the sub-problem for each intermediate stage ¢ is
SD,(x]_): mine(x]_)) = efx, + a1 (x)) ‘
subjectto  A,x, = b; — Et_lxtj_l, x;, € R, (11
1) +mf TEx, >0t Vkell, ),
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where 1J(z, j) represents the number of cuts included in the coordinator CD,: when we
solve the sub-problem SD; (xt - o/ is a constant value calculated as

7T7]~TbT, t=T,

J_
=7+ Y Aok, 1=1T-1. (12
k=1,10(t.))

where A;’ ki represents the dual variable of the kth Benders cut.in.the sub-problem
SD; (xt ). The index j represents the iteration of the coordinator of SD, (x, ) and

the index k the cuts that have been included in the process of solution of SD; (x’ i_1)- The
original problem DP corresponds to CDy, the coordinator for the first stage.

The DDP-P approach implies the multilevel decomposition (in the time domain) of
multiple problems that are decomposed using BT, generating new problems that again
are decomposed using BT. This implies the nested use of BT.

3. Generalized Dual Dynamic Programming

The problem studied in DDP-P only considers state variables (x,). The problem GDP,
presented in (1), considers a more detailed/formulation in which the variables that couple
two consecutive periods, related to the'stock level, correspond to the state variables (x,),
while the production and distribution+variables in the period ¢, not involved directly in
the dynamic relationship, may be thought as the control variables (u;,).

The solution of GDP using BT considers a two-stage process. First, we define
the state variable x, as the coordination variables to go on to decouple the problem at
a temporary level that refers to the control variable u,. In the second stage the DDP-P
principles are used to solve the coordinator problem for x;,

CX: minz= Z ¢ x, + Q(x,_1, X,)

1e®(T)
subject to  min Q,(x,_;, x;) = dtTu,
subjectto  B,u, = b, — E,_1x,_| — A;x;, (13)
Gtut =g
u, € R*
VvVt € O(T),

€ Rt Vi eO(T),

where €2;(x;_; x;) represents the optimum operation costs in the period ¢ as a conse-
quence of the border condition starting in the state x,_; and finishing in the x, and it
corresponds to the objective function of the static operation sub-problems SU, (x,_; x;)
defined as
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26 VELASQUEZ BERMUDEZ

SU (x,-1, X,):  min§,(x,—1, %) =d, u, (14)
subjectto B,u; = b, —E; x,_1—A;x,,Gu; = g,,u, € R".

The dual problem of SU, (x;_; x,) is

DSU; (x;—1,x,):  max ;(x;_1, X;) :7T,T[bt —E;_1x, _Atxt]‘i“s;rgt (15)
subject to ntTBt + S,TG, < d;r,
where 7, represents the dual variables vector of the restrictions B,u; = b, — E,_1x,_1 —
A,x, and §; is the dual variables vector of G,u, = g,.
Considering the decoupled cuts generated by each sub-problem SU, (x,_, x;) the
coordinator CX is

CX: minz = Z cth, + Q,(x;-1, X;)
1€®(T)
subject to 2, (x,_1,x;) + (7Ttk)TEt—1xt—l + (ﬂf)TAtxt > Qt(”zk’ 55) (16)

Vt € O(T) Vk € IU,

where [U represents the number of cuts generated for each sub-problem SU,(x;_1, x;)
and 6, (i, §) is a two argument ¢-index function.that define a constant value

6,(,8) =z by +8'g,. (17)

The coordinator CX is only integrated by Benders cuts and has a dynamic structure
similar to the problem DP. We may solve it by using the DDP-P theory. The cuts that
integrated the coordinator CX

Qx 1 x)+ (@) Ex + (75 Ax, = 6,(2, 88 VieOT)VkelU (18)

7t

will be called type 1 Benders cuts.
Following the backward approach we can apply BT for the last stage of the coor-
dinator CX. The coordinator-model CGy_, for the period {1, T — 1} is

CGr_i: ming=/ > [efx, +Q(x—1. x)] + ar(xr_)
1€O(T—1)
subject to 2, (x,_1, x;) + (ntk)TEt_lx,_l + (n,")TA,x,

> 6,(nf,8f) Vte®T —1)Vk elU,

x, € Rt VYre®T -1, (19)
i T
aT(xT—l) + Z w;{:] (T[;(w) ET—le—l
kelI(T.j)
> Y uper(nk.sk) Vel -1,
kell(T, )

where o;41(x;) is the same future cost function defined in the DDP-P theory, ,k 7 the
dual variable of the kth type 1 Benders cut for the period ¢ obtained in the solution
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of the sub-problem SG, (xtj_l), 1J () the number of cuts generated for the sub-problem
SG; (xtj_l) and /1(¢, j) the number of Benders cuts type 1 included in the sub-problem
SG, (x/_)). |

The sub-problem SG; (x/_,) for stage T is

SGT(x]%_l): minaT(x’%_l) = c?xT + Qr(xr_1.x7)

. T
subjectto  Qr(x7_1,x7) + (néﬁ) ArXy 20)

> 67 (b, 85) — (8 B

Vk € IU(T, j), x7 € R".

The new type of cut included in CGr_;

- |
arxr-)+ Y Y (mh) Eroixr = ) wplor(nfsh) @D
kell(T, j) kell(T, j)

will be called type 2 Benders cuts.
Applying BT to partition the coordinator CGr_; we obtain a new coordinator
CGr_s.

CGr_»: minz = Z [C,Txt + Q(x,-1, x)] + ar—1(x7-2)
1€0(T—2)
subject to Qi (x,_1, x;) + (ntk)TEt_lx,_l + (n,")TA,x,
> 6,(nf,8f) Vie®T —2) Vkell,
x; €RT Ve (T -2),

; T
ar—1(xr-2) + Z lﬁ;’il(ﬂf_l) Er_rx7_» (22)
kell(T—1,j)

k,j k k
> Z VrZi0r-1 (”T—la 5T—1)
kell(T—1,))

m.j k.j ko sk
+ Z vroh Z 7' 0r (7, 87)
m=11(T—1.j) kell(T.j)
Vjel(T —2),

where ytm’j represents the dual variable of the mth type 2 Benders cut for period ¢ ob-
tained in the solution of the sub-problem SG; (x,’_ 1) defined for stage T — 1 as
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28 VELASQUEZ BERMUDEZ

SGT_l(fo_z): miHOtT(fo_z) =cr_ X7-1+ Qro1(x72, X7-1) + ar(xr_y)
. T
subject to  Q7_1(x7_2, X7-1) + (ﬂé_l) Ar_1X7_)

Z QT(”%—l’ 3];—1) - (”%—1)TET—2fo—2

Yk € IU(T — 1, j),

23
xr_1 € RY, (23)
j T
ar(xr-1) + Z ‘//?](ﬂé) Er-i1xr-
kelI(T, j)
> wrior (k. sk Vg e LI(T - 1).
kell(T, j)

It can be demonstrated that the coordinator sub-problem for each intermediate
stage ¢ (less than T) is

CG;: minz = Z [elxr + Q(xro1, X ] + g1 (x))
T€O(1)
subject to Q2 (X,_1, X;).* (rrf)TEr_lxr_l + (yrf)TArxr

> 0. (X85 VT € ©(t) Vk € IU,

T’ T

(24)
x, e R"\Vt e O@),
o1 (X )A Z W,_H( ;+1) Ex; > ¢
kell(t+1, /)
Vjell(t)
and the sub-problem for each intermediate stage ¢ is
SG;(x]_)): minag(x/ ) = elx, + Q(x1, X,) + @ 1(x,)
subject'tor 2, (x,_1, x;) + (nk)TA,x,
T j .
> 0r(nf, 8f) — (7f) E,_ix]_, Vk €U, j),
x, € R, (25)
orp1(x,) + Z W;_H( t+1) Ex, > ¢
kell(t+1,j)
Vjell(t),
where d),j is a constant value calculated as
> wrlor(nf. of). t=T,
j kell(T, j)
¢l = i (26)
' Soowte(t s+ DY vmen,. t=1T-1.
kell(t,j) m=1,1J(t,j)
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The original problem GDP corresponds to CGy, the coordinator for the first stage.
The functions €2,(x,_;, x;) corresponds to the supply functions that Read considers in
the DDP-R approach.

4. Special cases
4.1. B;, G, and d, time independent

Now we consider the special case when the dual feasibility zone of the problems
SU;(x;_1, x;) is static, which implies that the matrices B, and Gj.and the vector d,

are time independent; then, the dual problem is:
DSU;(x;-1,x;): maxQ,(x,_1,x;) = 7T,T[bt —E, _1x;p—Aixi ]+ 3;Fg, 7
subject to 7B +8'G < d'.

In this case, a feasible vector of dual variables {r;, §,} forany DSU,(x,_1, x,) is feasible
for all DSU, (x,_1, x;) independent of the value of #;when we solve SU,(x,_1, x,) for a
specific value of ¢ we can generate type 1 Benders cuts for all periods and the coordinator
CX can be expressed as

CX: min ) ¢fx, + Q(x, %)
1€0(T)
subject to €2, (x,_{.x7) A+ (JTk)TE,_lx,_l + (nk)TA,x,

>, (", 8%) Vi e ®(T)Vk elT,

(28)

where the dual variables vector {rr,'6} is time independent; then, for each iteration of the
coordinator-sub-problems we needto solve only one problem SU, (x,_1, x;).

This situation is very common for matrices G, and B, because they are related with
the technology and with the topology of the modeled system, which for the short term,
is normally time independent. The vector d; is related with the costs and, in many cases,
it is time dependent, but often the time variation of d, is expressed as

d,=pd, (29)

where 8 is a discount factor and d is a constant vector reference price. In this case, we
can express thé-sub-problems as

SU,(x;_1, X))+ min Q,(x,_y, x,) = d'u,

(30)
subjectto Bu;, =b;, — E, 1x;,_ 1 — A;x;,Gu, = g,,u; € R*
and the coordinator CX as
CX: min Y ¢fx,+ B'Qi(x,1.x,)
1€0(T)
(31)

subject to 2, (x;_1.x,) + (JTk)TE,_lxt_l + (9T A,x,
> 6,(7*,8%) Vi e O()Vk elIT
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and we need to solve only one problem in the sub-problem level, independently of the
numbers of periods. This fact is very important when the number periods is very large,
such as in the case of the control problems, that require many short periods to represent
adequately continuous movement and constraints of the state variables.

From an economic point of view, €2,(x;_;, x;) represents the optimum operation
costs in the period ¢ as a consequence of the boundary conditions (x;_j.and x,). Fre-
quently, €2,(x;_1,x,) is time independent in the short and the medium term planning
horizons, due to the fact that in the planning horizon the technology, .the topology and
the price index do not change.

Other special cases can be considered when the vector reference price d is time
dependent and has seasonal variations. In this case we can define families of functions
Q¢(x,_1, x,), where the index e represents the seasonal variation of d, that is d“. Each
period ¢ belongs to a “season” and we must solve sub-problems for each type of season.

42. A,=Iand E, = -1

Another special case may be considered when A;4s equal to the identity matrix and E,
to the negative identity matrix, then the definition of x, is expressed as

X = Xi—1 +bl‘ - Btu, Vt (S ®(T) (32)

This is a very common case for stock-equations, in which the storage level x, is a
function of the storage level in r — 1 plus an external input and plus a linear combination
of the production and the distribution-variables.

Under this condition the function £2,(x,_; x,) can be stated as €2,(Ax,) since the
sub-problem may be expressed as

SU,(Ax,): minQ(Ax,) =d, u, a3
subject to  B,u; = b, — Ax,,Gu, = g,,u, € R™.
The advantage of this structure is that the optimum operation cost function €2,(x,_1, x;)
only depends on the variation of the state variables Ax;,, but is independent of its absolute
level. The coordinator CX may be expressed in terms of Ax, as

CX: min Z ¢! Z Ax, + B (Ax,)
1e®(T) =1t (34)
subjectto 2, (Ax,) + (7¥) Ax, > 6,(7*, 8%) Vi € O(T) Vk € IT.

5. Conclusions

The conceptual formulation of the GDDP problem enables development of efficient al-
gorithms based on the partition and the decomposition of the original problem using
Benders’ theory. The solution of the original problem is found by the coordinated solu-
tion of multiple problems of smaller dimension. In some cases, it is possible to visualize
special matrix structures to generate Benders’ cuts for all periods and eliminates the need
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to solve a problem for each period. This is of special importance when the number of
periods is very large, as in the case of optimal control problems.

The next step in the development of the GDDP theory is its extension to include

stochastic optimization problems.
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