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1. Find the general solution. (10%)

'+ ysinx = e°F

2. Find the particular solution. (15%)
Xy —4xy'+6y=0, y(1)=04, y'(1)=0

3. Find the Laplace Transform. Show the details. (10%)
(1) (a—br)?

(2) ¢ sinht

4. Given an ODE y»"+3y'+2y =10sin¢ . Find the general solution by Laplace transform.
(15%)

5. Solve the heat equation by Fourier series. Assume there is a laterally insulated bar with
temperature 0 at both end; the initial temperature of the bar is (25%)
f(x)=x if 0<x<5
f(x)=(10-x) if 5<x<10
Derive two ordinary differential equations (ODEs) from the heat equation. Then solve

ODEs with boundary and initial conditions. Show the final solution of the problem.

6. Determine eigenvalues and eigenvectors of the following matrix. (25%)

{5/2 1/2}

12 5/2

An elastic membrane with boundary xl2 +x§ =1 is stretched by the following equation
such that (x,x,) goes to (y,»,). Plot the original boundary, new boundary, and

principal stretch directions.
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1. dy+ysinxdx=¢e""-dx, I= eXPU sin xdx} =e

e “®[dy+ ysinxdx]=e " -e**"dx, d[ye “*]=dx

ye—cosx =x+c, y= (x+c)ecosx %ﬁg

2, fix=¢, t=InxfRAx*y" —4xy'+6y=0, D,(D,~1)y—4D,y+6y=0
(th -5D,+6)y=0, (D,-2)(D,-3)y=0, y= cleZt +cze3t = clx2 +(:2x3
HRABRLE y1) =04, ¢;+c, =04, ¢,=12, ¢, =—0.8
A Y 1)=0, 2¢,+3¢, =0
y=12x*-0.8x"

2 2
3. (1) Li(a—bt)’]=L[a* —2abt +1* -b*] =a__2;¢2b+%
s K K

1 1
213 (s=3)%-1 s*—65+8

(2) L[¢* sinh¢] = L[sinh¢]

s=s-3 =

4. I[y"+3y'+2y]=10-L[sin¢], % y(0)=¢;, ¥'(0)=c,

(s?Y —s¢; —¢,) +3(sY —¢,)+2Y = 210 , (s 4354+2)Y =s¢, +¢, +3¢, + 210
s7+1 s°+1
_ s +cy +3¢ 10
(s+D(s+2)  (s+1)(s+2)(s> +1)
s tey+3¢ 5 -2 35+l

= +
(s+D(s+2) s+1 s+2 §>+1
k ky 3s+1

= + +
s+1 s+2 % +1

Y , y=L"[Y]=ke " +kye ™ —3cost +sint

2
5. heat equation a—u=aa—u, 0<x<10, t>0, a BEHE
ot o’
u(0,0)=0, u(10,6)=0, u(x,0)= f(x)
Fu(x,t)=X(x)-T(t)fXA PDE, XT'=aX'T, %:f{ =1
a

X"-AX =0, T'-AaT =0, X(0)=0, X(10)=0

105-40



EA>0, & A=p4% >0, X =ccoshpx+c,sinh fx

KA X(@©0)=0, ¢,=0, X(10)=0, ¢,sinh108=0, ¢, =0
EHA=0, X=c +cx, fRAX(0)=0, ¢=0, X(10)=0, ¢, =0
BHA<0, FA=-p%, >0, X =c cosfx+c,sin fix
KAXW0)=0, ¢ =0, KA X(10)=0, c,sinl05=0
ré.'.:L'g.L'10ﬁ=nir, n=1273--, czﬁﬁiﬁzﬁﬁ

2
BEIE 2, =5 [ﬁj BB, ()=, sin 25

22 2.2
< n'rw n'r

A, =— KAT' -2aT=0, T'"+——aT =0
100 100

2 2
T =kexp[—%at}, KA u(x,t) = X(x)-T(1)

(Z}’l272'2

100

uzcnsinnl—zx-kexp(— t}, HB,=C,k

2_2

G sinE i =1,2.3,-
100 10

# R 1E PDE Z B, 1% PDE @i
nwx

) 2_2
u(x,t):ZBn-exp[—an il tJ~sin 0
nrx

100
HAL=0, u(x,0)= f(x), f(x)=iBn~sinT
n=l1

u=25B, -exp(—

n=1

2 10 . NITX 1| ¢5 . nmx 10 . NTX
B, :EJ.O f(x)smwdng[.fo xsmwdx+j5 (10—x)smwdx}

5
5
Bn=l __IOxCOS_mrx E cos—nﬂxdx—l—O(IO—x)cos—n”x
5| nm 10 |, nz?o 10 nr 10 |5
10
_10 pr0  JPEX L
nwes 10
1[ 50 nz 100 . nx 50 nz 100 . nﬂ} 40 . nrx
B, =—| ——cos—+——sin—+—cos—+——sin— |=——sin—
5| nrx 2 pin? 2 nrm 2 pig? 2 n’r? 2

u—i 40 sinﬂ'ex —anzﬂzt -sin
2,2 2 P 100 10

nwx ﬁ}ﬁ?
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6. Ax=Ax, (A-ADx=0

S, 01
2 2 {”1}6, | 4= 21| = (A-2)(2-3)
5 PRI

5
2 2
FrlE 2 =2,3

s, . - 1 1
& A4 =2, eigenvectors u = it AH=3, u=c

1 1

0 S = ff V2 , D{z 0}, s =58", 4=5SDS7' BIEAT L

-1 1
V2 2
yedx, x=a"y, R ] =35 =1

-1 -1 =T - -17 =T - =177
Ay Uy=1, y a4 Haly=1, y 4Haly=1

0 3

A A S =1, 3 s =1, (ST D2 (8T y) =1

T l 0 1 1
%ZzSTy, z 4 ] z=1, Zzlz+—z§=1
0 =
9
) zy
A\Zl
2
/—‘\A 45 > )
\‘/3 " %2
2
_ 1 -1
Z 211 1 | »
S I I O S
1 \/5 1 \/5 2 1 5 5
2 \/5 1 \/5 2 2 > >

|

e, ¥l e, £ principal direction



